In this paper, we illustrate a method to enumerate two-dimensional directed animals, with compact sources, on both the square and the triangular lattice. We give a recursive description of these structures from which we deduce their generating function, according to various parameters: the area, the right half-width and the number of compact sources. We determine the average number of compact sources in both lattices. Referring to single-source animals on the square lattice, we show the bijections connecting them to the forests of 1-2 trees and to permutations with the forbidden subsequences: 321; 4 1523. In a similar way we describe the bijections between single-source animals on the triangular lattice and forests of binary trees. Each of these two objects presents a bijection with two permutations with the forbidden subsequences: 4132, 4231, 4312, 4321.
Introduction
Two-dimensional directed animals are conÿgurations of points in the combinatorial plane, near two by two on a regular lattice with square, triangular or honeycomb meshes. The term 'directed' indicates the way in which new points can be added to the structure. These combinatorial objects are of interest in statistical physics for the study of critics and phase change phenomena. The various studies which have been carried out on two-dimensional directed animals take into consideration both the physics [9, 11, 12] and the combinatorial aspect of this issue [13, 17, 18 ], yet many interesting problems still remain open (see [7, 10, 19] , for a survey). In this paper, we suggest a method to enumerate two-dimensional directed animals with compact sources, on both the square and the triangular lattice. We determine an operator allowing us to obtain each animal P from another one Q by performing a 'local expansion' on Q. Furthermore, every animal P comes only from one animal Q. The recursive description we obtain for these structures allows us to deduce a functional equation veriÿed by their generating function. We obtain the generating function according to various parameters by solving this functional equation. Although the method we suggest leads to wellknown results concerning directed animals enumeration [7] , it is still worth using it as it is easy to apply and it allows us to establish immediately bijections among directed animals and di erent classes of combinatorial objects. For instance, the bjiection between the directed animals on the square lattice and the forests of 1-2 trees is very simple compared with the one obtained by Gouyou-Beauchamps and Viennot between these same animals and the Motzkin path left factors [13] . It is worth recalling that a similar method was used in [2, 4, 5] for enumerating some subclasses of plane trees, paths in the plane and permutations with forbidden subsequences. In Section 2, we describe the basic idea of our method, consisting in the deÿnition of an operator on a class S of combinatorial objects and two conditions that it must satisfy in order to obtain a recursive description of the objects of S. Section 3 contains some deÿ-nitions of two-dimensional directed animals: area, site perimeter, width, length, right and left half-width and compact sources. In Sections 4-6 we determine the recursive constructions for the above-mentioned structures, on both the square and the triangular lattice; we translate the constructions into the functional equations veriÿed by the generating functions of the directed animals, according to the area, the right half-width and the number of compact sources. At this point we determine the average number of compact sources referring to animals with area n. In Section 7, we recall notational conventions and concepts about 1-2 trees, binary trees, forests and permutations avoiding patterns, and we fully develop the ideas connected to the constructions described in Section 4, thus easily establishing a bijection between single-source directed animals on the square lattice, the forests of 1-2 trees and S(321; 4 1523) permutations; (resp. underdiagonal directed animals on the square lattice 1-2 trees and S(321; 3 142) permutations). Moreover, we describe bijections between single-source directed animals on the triangular lattice and forests of binary trees (resp. underdiagonal directed animals on the triangular lattice, binary trees and S(321) permutations). The number of S(4132; 4231; 4312; 4321) permutations with length (n + 1) is two times the number of single-source directed animals with area n, therefore there are two of these permutations corresponding to a given animal.
The enumeration of combinatorial objects (ECO) method
Let S be a class of combinatorial objects. Let p be a parameter on S (that is, p : S → N) and S n = {x ∈ S: p(x) = n}. An operator Â on S is a function from S n to 2 S n+1 , where 2 S n+1 is the power set of S n+1 .
Proposition 2.1. Let Â be an operator on S. If Â satisÿes the following conditions:
then the following family of sets: F n+1 = {Â(X ): ∀X ∈ S n } is a partition of S n+1 . Given a class S of combinatorial objects, if we are able to deÿne an operator Â satisfying conditions 1 and 2, then Proposition 2.1 allows us to construct each object Y ∈ S n+1 from another object X ∈ S n and every Y ∈ S n+1 is obtained only from one X ∈ S n . Therefore, if we have an operator on S which satisÿes conditions 1 and 2, then we obtain a recursive description of the elements of S from which we can deduce, in some cases, a functional equation veriÿed by the generating function of S.
Example 2.1. Let S be the class of 1-2 trees (see Section 7) and p the number of their internal nodes. Let P ∈ S and F(P) be the set of external nodes that follow the last internal node in the preorder traversal. The operator Â replaces each external node in F(P) with an internal one (see Fig. 1 ). It is easy to prove that Â satisÿes Proposition 2.1. For further detailed deÿnitions and proofs see [3, 4] . Example 2.2. Let S be the class of Dyck paths and p the number of their increasing steps. Let P ∈ S, the last-fall of P is the last sequence of decreasing steps in P. If the last-fall length is equal to k then it is deÿned by (k + 1) points: l 1 ; : : : ; l k+1 . The operator Â inserts a peak in each point l i (i = 1; : : : ; k + 1) (see Fig. 2 ). It is easy to prove that Â satisÿes Proposition 2.1. For further detailed deÿnitions and proofs see [1] .
Notations and deÿnitions
In the combinatorial plane = Z × Z a path is a ÿnite sequence of points the coordinates of which can di er by at most one unit. A step is a couple (p i ; p i+1 ) of consecutive points. Deÿnition 3.1. A directed animal P with one source is a set of points, said vertices, in such that: • the point O = (0; 0) ∈ P and is called the source of P,
• every vertex (x; y) in P can be reached starting from O, by a path contained in P.
The allowed steps in the path are North: ((i; j); (i; j + 1)) and East: ((i; j); (i + 1; j)) in the square lattice; North, East and Northeast: ((i; j); (i + 1; j + 1)) in the triangular lattice. The NORTHEAST direction is the preferred direction; it shows the way in which the animal grows.
Let P be a directed animal: its area is the number of its vertices, its site perimeter is the number of points, called sites, which do not belong to P but each of which can be reached by a further single step starting from a vertex in P. The width (resp. length) of P is deÿned by the width (resp. length) of the smallest rectangle which contains P and whose sides are parallel (length) and perpendicular (width) to the preferred direction. The measure unit is the diagonal half step. Fig. 3 illustrates a directed animal on the square lattice, having area 19, site perimeter 11, width 5 and length 8. The line passing through the origin and having Northeast direction divides the rectangle into two parts; the width of the right (resp. left) one gives the right half-width (resp. left half-width). These deÿnitions can be extended to animals with more than one source, placed perpendicularly to the preferred direction: Fig. 4 shows a directed animal on the square lattice with 3-compact sources having area 17, site perimeter 14 and right half-width 1.
Deÿnition 3.2.
A two-dimensional directed animal with k-compact sources consists of a set of points such that each of them can be reached from at least one origin O s having coordinates (−s; s), for 06s6k − 1, via a path contained in P; moreover, the point (−k; k) is a site. 
The construction
Let A be the generic class of two-dimensional directed animals (on both the square and the triangular lattice) with compact sources and let p be the number of vertices belonging to the animal. Therefore, A n is the set of elements in A with area n. We will illustrate a method that allows us to obtain each P ∈ A n by one and only one Q ∈ A n−1 . If we apply a 135
• clockwise rotation to a directed animal, then South becomes the preferred direction, at this point the allowed steps are: the Southwest and the Southeast steps in the square lattice; the Southwest, the South and the Southeast steps in the triangular lattice. In the remainder of this paper our work will be based on this assumption (see Fig. 5 ).
Deÿnition 4.1. In the (0XY ) Cartesian frame of reference, let a = (X a ; Y a ) and b = (X b ; Y b ) be two vertices of the directed animal P. We say that a prevails on b if Y a ¿Y b and X a = X b ± 1 in the square lattice (see Fig. 5a ); Y a ¿Y b and X a = X b ± 1 or X a = X b in the triangular lattice (see Fig. 5b ). We give a recursive deÿnition of an order on the vertices of the directed animal by deÿning its last vertex. Let P ∈ A, its last vertex is the rightmost vertex that does not prevail on any other vertex of P; we denote this vertex by a l (P) = (X l (P); Y l (P)). Let F(P) be the set of sites lying on the lowest level of all the columns having abscissa X : X ¿X l (P) − 1 (see Fig. 6 ). It is easy to prove the following: Proposition 4.2. Let P ∈ A; the operator Â which replaces a site in F(P) with a vertex; satisÿes the conditions 1 and 2 of Proposition 2.1.
Example 4.1. Let A be the class of directed animals with compact sources on the square lattice. Each P ∈ A with area 3 is obtained by one and only one Q ∈ A with area 2 by means of Â (see Fig. 7 ). 5. Directed animals on the square lattice
The construction deÿned in Section 4 must be examined more carefully. In the remainder of this paper we refer to the (0XY ) Cartesian frame of reference with the origin in the rightmost source. Let A sq be the class of directed animals on the square lattice with compact sources. Let P ∈ A sq , we denote the right half-width of P by w(P). In the square lattice, the last vertex of P: a l (P) = (X l (P); Y l (P)) is the rightmost vertex in P which does not prevail on any other one. This means that P has no vertices lying in the column(s) X l (P) + 1 or (and) X l (P) − 1 with an ordinate less than Y l (P). The active sites (that is the sites in F(P)) are the sites on the lowest level of the columns having abscissa X such that X ¿X l (P) − 1 (see Fig. 6 ). There are two cases:
• if w(P) = 0, the active sites belong to the columns: X l (P) − 1; X l (P) + 1; : : : ; 1; 2 (the site of the new source belongs to F(P) as it is the lowest site on the column 2; see Fig. 8 ); • if w(P)¿0, the active sites belong to the columns: X l (P)−1; X l (P)+1; : : : ; w(P)+1 (see Fig. 9 ). Let us note that this distinction is not necessary if we examine single-source directed animals on the square lattice, since the site of the new source does not exist and the second case can always be referred to. From Proposition 4.2 it follows that every animal P ∈ A sq is obtained by one and only one animal P ∈ A sq by replacing an active site of P with a vertex. It is easy to see that the additional vertex in P becomes the last vertex of P . If P has k active sites (|F(P)| = k), then by applying the operator Â to P (that is by replacing, one by one, each active site with a vertex) we get k animals. Moreover, • if w(P) = 0 then: the replacement of the active site on the jth column, j ∈ {X l (P) − 1; X l (P) + 1; : : : ; 0; 1; 2}, leads to an animal P such that: X l (P ) = 0 for j = 2 because of the shift in the Cartesian frame of reference, otherwise X l (P ) = j. The active sites of P belong to the columns: -−1; 1; 2 for j = 2 (see Fig. 8 (a)), -0; 2 for j = 1 (see Fig. 8 (b)) and -j − 1; j + 1; : : : ; 1; 2 for j ∈ {X l (P) − 1; X l (P) + 1; : : : ; 0} (see Fig. 8 (c) and (d));
the replacement of the active site on the jth column, with j ∈ {X l (P) − 1; X l (P) + 1; : : : ; w(P); w(P) + 1}, leads to an animal P such that: X l (P ) = j and the active sites of P belong to the columns: -w(P); w(P) + 2 for j = w(P) + 1 (see Fig. 9 (a)) and -j − 1; j + 1; : : : ; w(P) + 1, otherwise (see Fig. 9 (b) and (c)). Therefore, given a directed animal P with k active sites, we are able to determine the number of the active sites for each of the k animals P obtained by applying the operator Â to P (see Section 7.1). Let us note that the only active site of P giving an animal P with right half-width greater than P, is the active site in the column w(P) + 1. In the following subsection, we translate this recursive description into an equation veriÿed by the generating function of the directed animals.
The generating function
Let P ∈ A sq , we denote (see Fig. 10 ): • a(P) = the area of P, • f(P) = |F(P)|, • w(P) = the right half-width of P, • s(P) = the number of compact sources of P less one unit. The generating function of A sq , according to the above-listed parameters is
We can partition the set A sq into two subsets: B sq and C sq such that: B sq = {P ∈ A sq : w(P) = 0} and C sq = {P ∈ A sq : w(P)¿0}. We number the sites of F(P) in increasing order starting from the rightmost column (see Fig. 10 ). The only active site giving an animal P such that w(P )¿w(P) is the active site in the column w(P) + 1. If P ∈ B sq this site is the second element of F(P), otherwise it is the ÿrst element of F(P). Therefore, for each P ∈ B sq the replacement of the site e i ∈ F(P) [i = 1; 3; : : : ; f(P)] with a vertex leads to P ∈ B sq , while the replacement of e 2 gives P ∈ C sq (see Fig. 8 ). Let P ∈ C sq then by replacing e i [i = 1; : : : ; f(P)], we obtain P ∈ C sq (see Fig. 9 ). For each P ∈ B sq , by replacing e i with a vertex, we obtain P such that • if i = 1 then a(P ) = a(P) + 1; f(P ) = 3; w(P ) = 0; s(P ) = s(P) + 1;
• if i ∈ [3; : : : ; f(P) − 1] then a(P ) = a(P) + 1; f(P ) = i; w(P ) = 0; s(P ) = s(P);
• if i = f(P) then a(P ) = a(P) + 1; f(P ) = f(P) + 1; w(P ) = 0; s(P ) = s(P). For each P ∈ C sq , by replacing e i with a vertex, we obtain P such that • if i = 1 then a(P ) = a(P) + 1; f(P ) = 2; w(P ) = w(P) + 1; s(P ) = s(P);
• if i ∈ [2; : : : ; f(P)−1] then a(P ) = a(P)+1; f(P ) = i; w(P ) = w(P); s(P ) = s(P);
• if i = f(P) then a(P ) = a(P) + 1; f(P ) = f(P) + 1; w(P ) = w(P); s(P ) = s(P).
Let us note that the directed animal having area 1 is in B sq and is represented by xy 3 . Therefore, the translation of this construction into the generating function leads to A sq (x; y; z; t) = B sq (x; y; t) + C sq (x; y; z; t);
It is now easy to prove the following proposition:
Proposition 5.1. The generating function A sq (x; y; z; t) satisÿes A sq (x; y; z; t) = B sq (x; y; t) + C sq (x; y; z; t); B sq (x; y; t) = xy
Theorem 5.2. The generating functions A sq (x; 1; z; t); B sq (x; 1; t) and C sq (x; 1; z; t) are By replacing the expression for B sq (x; 1; t), we obtain
Once B sq (x; 1; t) and C sq (x; 1; z; t) are given, a simple addition proves that
From Theorem 5.2 we deduce that
and we recover the following well-known results [13, 17] . 
• single-source; is the left Motzkin factor number
• compact sources; is 3 n−1 .
Remark 5.1. From Theorem 5.2 we have B sq (x; 1; t) = P∈B sq x a(P) t s(P) = (y 0 (x) − 1)= (1+t −ty 0 (x)). The generating function of single-source directed animals, B sq (x; 1; z), is obtained from A sq (x; 1; z; t) = n¿1; i; j¿0 a n;i; j x n z i t j , where a n;i; j = |{P ∈ S sq : a(P) = n; w(P) = i; s(P) = j}|, with t = 0. We have
this means that the number of directed animals with k-compact sources, area n and right half-width 0 is equal to the number of animals with single-source, area n and right half-width k − 1, k¿1. Our result is the same as Penaud's [17, 18] .
The average number of compact sources
Let a n; j = |{P ∈ A sq : a(P) = n and s(P) = j}|. We want to estimate the average number of the compact sources b n referring to directed animals with area n: b n = j¿0 ( j + 1)a n; j j¿0 a n; j :
The generating function tA sq (x; t) = n¿1; j¿0 a n; j x n t j+1 , therefore
Theorem 5.4. The average number of compact sources is: b n ≈ 2 n=3 ; n being the area of the directed animals.
Proof. From Theorem 5.2 we have
Let y = 1 − 3x then
Let us consider the ÿrst and second term of this expansion, therefore
:
The number of directed animals with compact sources having area n is 3 n−1 then b n ≈ 2 n=3 .
Directed animals on the triangular lattice

The construction
Let A tr be the class of directed animals on the triangular lattice with compact sources and P ∈ A tr . In the triangular lattice, the last vertex of P: a l (P) = (X l (P); Y l (P)) is the rightmost vertex in P which does not prevail on any other one. This means that P has no vertices lying in the column(s) X l (P) + 1 or(and) X l (P) or(and) X l (P) − 1 having an ordinate less than Y l (P). The active sites of P are the sites on the lowest level of the columns having an abscissa X such that X ¿X l (P) − 1 (see Fig. 11 ):
• if w(P) = 0, the active sites are on the columns: X l (P) − 1; X l (P); : : : ; 1; 2 (the site of the new source belongs to F(P) because it is the only site with abscissa 2 see Fig. 13 ), • if w(P)¿0, the active sites are on the columns: X l (P) − 1; X l (P); : : : ; w(P) + 1 (see Fig. 14) . This distinction is no longer necessary if we examine single-source directed animals on the triangular lattice. Remarks similar to those made for the square lattice hold for the triangular lattice: 1. every animal P ∈ A tr is obtained by one and only one animal P ∈ A tr by replacing an active site of P with a vertex, 2. the additional vertex in P becomes the last vertex of P , 3. the only site that increases the right half-width is the one on the column w(P) + 1.
• if w(P) = 0 then: by replacing the active site on the jth column, with j ∈ {X l (P) − 1; : : : ; 1; 2}, we obtain an animal P such that: X l (P ) = 0 for j = 2, otherwise X l (P ) = j. The active sites of P belong to the columns: -−1,0,1,2 for j = 2 (see Fig. 13(a) ), -0,1,2 for j = 1 (see Fig. 13(b) ) and -j − 1; j; : : : ; 1; 2 for j ∈ {X l (P) − 1; : : : ; 0} (see Fig. 13 (c));
by replacing the active site on the jth column, with j ∈ {X l (P); : : : ; w(P); w(P) + 1}, we obtain an animal P such that X l (P ) = j and the active sites of P belong to the columns: -w(P); w(P) + 1; w(P) + 2 for j = w(P) + 1 (see Fig. 14(a) ) and -j − 1; : : : ; w(P) + 1, otherwise (see Fig. 14(b) ). The construction is illustrated in Fig. 12 . Given a directed animal P with k active sites we are able to determine the number of the active sites for each of the k animals obtained by replacing, one by one, each active site with a vertex (see Section 7.2). The result is a recursive description that can be translated into an equation.
The generating function
Let P ∈ A tr and let a(P); f(P); w(P) and s(P) be the parameters described in Section 5.2 (see Fig. 11 ). The generating function A tr , according to these parameters is A tr (x; y; z; t) = P∈A tr x a(P) y f(P) z w(P) t s(P) : Let us take into consideration the partition of A tr into the two subsets B tr = {P ∈ A tr : w(P) = 0} and C tr = {P ∈ A tr : w(P)¿0}. We number the elements of F(P) in an increasing order starting from the rightmost column (see Fig. 11 ). The only active site that gives an animal P such that w(P )¿w(P) is the second element of F(P) if P ∈ B tr , otherwise it is the ÿrst element on F(P). Therefore for each P ∈ B tr , the replacement of e i ∈ F(P) [i = 1; 3; : : : ; f(P)], leads to P ∈ B tr , while the replacement of e 2 gives P ∈ C tr (see Fig. 13 ). Let P ∈ C tr then by replacing each e i , [i = 1; : : : ; f(P)], we obtain P ∈ C tr (see Fig. 14 ). For each P ∈ B tr , by replacing e i with a vertex, we obtain P such that • if i = 1 then a(P ) = a(P) + 1; f(P ) = 4; w(P ) = 0; s(P ) = s(P) + 1; • if i = 2 then a(P ) = a(P) + 1; f(P ) = 3; w(P ) = 1; s(P ) = s(P);
• if i ∈ [3; : : : ; f(P)] then a(P ) = a(P) + 1; f(P ) = i + 1; w(P ) = 0; s(P ) = s(P). For each P ∈ C tr , by replacing e i with a vertex, we obtain P such that: • if i = 1 then a(P ) = a(P) + 1; f(P ) = 3; w(P ) = w(P) + 1; s(P ) = s(P);
• if i ∈ [2; : : : ; f(P)] then a(P ) = a(P)+1; f(P ) = i+1; w(P ) = w(P); s(P ) = s(P). Let us note that the directed animal having area 1 is in B tr and is represented by xy 4 . Therefore, the translation of this construction into the generating function gives us A tr (x; y; z; t) = B tr (x; y; t) + C tr (x; y; z; t)
P∈C tr x a(P) y f(P) z w(P) t s(P) ; 
It follows:
Proposition 6.1. The generating function A tr (x; y; z; t) satisÿes A tr (x; y; z; t) = B tr (x; y; t) + C tr (x; y; z; t); B tr (x; y; t) = xy From Theorem 6.2 we deduce that
and we get the following well known results [17, 18] . 
The generating function of single-source directed animals is obtained by A tr (x; 1; z; t) = n¿1;i; j¿0 a n;i; j x n z i t j , where a n; i; j = |{P ∈A tr : a(P)=n; w(P)=i; s(P)=j}|, with t =0. We have B tr (x; 1; z)=A tr (x; 1; z; 0) = n¿1; k¿1 (k=n) 2n n+k x n z k ; this means that the number of directed animals with k compact sources, area n and right half-width 0 is equal to the number of animals with single-source, area n and right half-width k − 1, k¿1.
The average number of compact sources
On the basis of the method we already applied to the case of the square lattice, we calculate
Theorem 6.4. The average number of compact sources referred to animals with area n; is b n ≈ n= .
Proof. From Theorem 6.2 we have
whose nth term is
Let us note that
because of the Stirling approximation for n! [14] . The number of directed animals with compact sources having area n is
Animals with one source, forests and permutations
We refer to [16, 20] for the notations and deÿnitions concerning the trees in the plane and the permutations with forbidden subsequences, respectively. We now brie y describe the structures we will deal with.
A 1-2 tree is a plane tree such that each node has degree 2 at most. A binary tree is a ÿnite set of nodes which either is empty or consists of a root and two disjoint binary trees called the left and the right subtree of the root. Thus a binary tree is a plane tree such that each node has exactly degree two. Moreover, as far as trees are concerned we call internal each node belonging to the tree and external each node which added to the tree lets it grow (see Fig. 1 ). A forest is a set of disjoint trees (see Fig. 15) .
A permutation contains a subsequence of type with k length if there are k indices in : i 1 ; : : : ; i k such that i 1 ¡ · · · ¡i k and (i 1 ) (i 2 ) · · · (i k−1 ) (i k ) is ordered in the same way as .
A permutation ∈ S(321) if it does not contain any subsequence of type 321. This means that in there are not three indices i 1 ; i 2 ; i 3 such that i 1 ¡i 2 ¡i 3 and (i 1 )¿ (i 2 )¿ (i 3 ). A permutation ∈ S(321; 3 142) (resp. ∈ S(321; 4 1523)) if it does not contain any subsequence of type 321 and all its subsequences of type 231, that is 342 restricted on {1,2,3}, (resp. 3412, that is 4523 restricted on {1,2,3,4}) are of type 3142 (resp. 41523). This means that the sequence (i 1 ) (i 2 ) (i 3 ), i 1 ¡i 2 ¡i 3 , (resp. (i 1 ) (i 2 ) (i 3 ) (i 4 ), i 1 ¡i 2 ¡i 3 ¡i 4 ) ordered as 231 (resp. 3412) is allowed if and only if an index j exists, i 1 ¡j¡i 2 , such that (i 1 ) ( j) (i 2 ) (i 3 ) (resp. (i 1 ) ( j) (i 2 ) (i 3 ) (i 4 )) is ordered as 3142 (resp. 41523). A permutation ∈ S(4132,4312,4231,4321) if it does not contain any subsequence of type 4132, 4312, 4231 or 4321. 
The square lattice
In Section 5.1, we said that • the directed animal with area 1 is in B sq and has three active sites, • a directed animal P ∈ B sq , with |F(P)| = k, gives P 1 ; P 3 ; : : : ; P k ∈ B sq and P 2 ∈ C sq such that |F(P 1 )| = 3; |F(P 2 )| = 2; |F(P i )| = i 36i6k − 1 and |F(P k )| = k + 1, • a directed animal P ∈ C sq , with |F(P)| = k, gives P 1 ; : : : ; P k ∈ C sq such that: |F(P 1 )| = 2; |F(P i )| = i; 26i6k − 1 and |F(P k )| = k + 1. We can describe this recursive construction by means of the following 'rewriting-rule':
A rewriting rule is a law that predicts the growth of a class of combinatorial objects, according to a given parameter. The representation of a given rewriting-rule in an extensive way gives a labelled tree called generating-tree (see [8, 20] for detailed deÿnitions), each node of which represents a combinatorial object (see Fig. 23 , for an example). If we start from (2) instead of (3), we obtain the rule referred to single-source directed animals:
We now look for a subclass of plane trees and a class of permutations with forbidden subsequences that grow following the rule (1). Let us take into consideration the forests of 1-2 trees deÿned in Fig. 15(a) . Let P ∈ F 1−2 and F(P) be the set of external nodes that follow the last internal node in the preorder traversal. The operator Â replaces each external node in F(P) with an internal one. It is easy to prove that Â satisÿes Proposition 2.1 and the construction we obtain can be described by (1) (see Fig. 16 ). Let us now take into consideration S(321; 4 1523) permutations [6] . Let = (1) (2) · · · (i) · · · (n − 1) (n) ∈ S n (321; 4 1532). We denote the site lying between (i − 1) and (i) by s i and the site on the right of (n) by s n+1 . The permutation with length 1 has 2 active sites. Let F( ) be the set of the active sites of ; therefore it is easy to prove that if |F( )| = k then F( ) = {s n+1−(k−1) ; : : : ; s n+1 }. Let be the permutation obtained from by putting (n+1) into s i , n+1−(k −1)6i6n+1 therefore: Single-source directed animals on the square lattice, the F 1−2 class and S(321; 4 1523) permutations grow in a 'parallel' way following (1) . This gives us a constructive bijection between these three classes of combinatorial objects (see Figs. 18 and 19) with the following correspondences of parameters: Remark 7.2. The construction described in Section 4 works for the class of underdiagonal directed animals that is the class of single-source directed animals, on the square lattice, with right half-width equal to zero. The construction we obtain can be described by The same rule describes the constructions in the case of the class of 1-2 trees (see Example 2.1) and the S(321; 3 142) permutations (see [2] ). This gives a constructive bijection between three well-known classes of combinatorial objects, enumerated by the Motzkin numbers (see Fig. 20 ).
The constructive bijection between single-source directed animals on the square lattice and forests of 1-2 trees we have just illustrated suggests an immediate bijection ' between these two classes of combinatorial objects. It turns a single-source directed animal P with area n and right half-width k into a tree T of the forest with (n + 1) internal nodes and the degree of the root equals to k + 1 by creating left and right connections in P as described below. A vertex a = (X a ; Y a ) ∈ P connects from the left to a vertex b = (X b ; Y b ) ∈ P if X b = X a + 1 and ∃c = (X c ; Y c ) ∈ P such that c = a, c = b and X c = X a or X c = X b and Y a 6Y c 6Y b . Every vertex a still without a parent is connected to the added root if ∃b ∈ P such that a = b and X a = X b , otherwise it connects b from the right. A vertex with only a left-connected vertex corresponds to a node having degree one in the tree, otherwise it represents a node of degree two (except the root) (see Fig. 21(a) ). 
The triangular lattice
In Section 6.1, we said that • the directed animal with area 1 is in B tr and has 4 active sites, • a directed animal P ∈ B tr , with |F(P)| = k, gives P 1 ; P 3 ; : : : ; P k ∈ B tr and P 2 ∈ C tr such that |F(P 1 )| = 4, |F(P 2 )| = 3, |F(P i )| = i + 1 36i6k, • a directed animal P ∈ C tr , with |F(P)| = k, gives P 1 ; : : : ; P k ∈ C tr such that |F(P 1 )|= 3, |F(P i )| = i + 1 26i6k. We can describe this recursive construction by means of the following rewriting rule: If we start from (3) instead of (4), we obtain the rule referred to single-source directed animals
We look for a subclass of plane trees and a class of permutations with forbidden subsequences that grow on the basis of the rule (2). Let us take into consideration the forests of binary trees deÿned in Fig. 15(b) . Let P ∈ F b and F(P) be the set of external nodes that follow the last internal node in the preorder traversal. The operator Â replaces each external node in F(P) with an internal one. It is easy to prove that Â satisÿes Proposition 2.1 and the construction we obtain can be described by (2) (see Fig. 22 ). Let us now take into consideration S(4132; 4231; 4312; 4321) permutations [15] . The permutation of length 1 has 2 active sites. Let be a permutation: ∈ S(4132; 4231; 4312; 4321) and |F( )| = k then F( ) = {s n+1−(k−1) ; : : : ; s n+1 }. It gives such that (see Fig. 23) • F( ) = {s n ; s n+1 ; s n+2 } by putting (n + 1) into s n , • F( ) = {s i+1 ; : : : ; s n+2 } by putting (n + 1) into s i : n + 1 − (k − 1)6i6n − 1, • F( ) = {s n+1−(k−1) ; : : : ; s n+1 ; s n+2 } by putting (n + 1) into s n+1 .
We have a constructive bijection between the class of single-source directed animals on the triangular lattice, F b class and S(4132; 4231; 4312; 4321) permutations: (i) = 1 and (j) = 2 ⇒ i¡j (or equivalently (i) = 1 and (j) = 2 ⇒ i¿j) (see Figs. 24 and 25(a)) with the following correspondences of the parameters (see Table 1 ). Remark 7.3. The construction described in Section 4 works for the class of underdiagonal directed animals that is the class of single-source directed animals, on the triangular lattice, with right half-width equals to zero. The construction we obtain can be described by The class of binary trees [4] and S(321) permutations [2] grow following the same rule; the constructive bijection we obtain is illustrated in Fig. 25(b) .
The constructive bijection between single-source directed animals and forests of binary trees we have described, can be translated into an immediate bijection Á between these two classes of combinatorial objects. It turns a single-source directed animal P with area n and right half-width k into a tree T of the forest with (n + 1) internal nodes and the degree of the root equals to k + 1 by creating left and right connections in P. The bijection Á ÿrst creates in P all left connections, as we have seen in the case of ': a left connection represents a left branch in the corresponding tree. Each vertex a = (X a ; Y a ) still without a parent is connected to the added root if ∃b = (X b ; Y b ) ∈ P : a = b and X a = X b , otherwise it connects to b from the right: a right connection represents a right branch in the corresponding tree. A vertex that has only a left-or right-connected vertex corresponds to a node, having degree one in the tree, otherwise it represents a node with degree two (apart from the root) (see Fig. 21(b) ).
